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BALANCED METRICS AND CHOW STABILITY OF
PROJECTIVE BUNDLES OVER KA¨HLER MANIFOLDS
II
REZA SEYYEDALI
Abstract. In the previous article ([S]), we proved that slope sta-
bility of a holomorphic vector bundle E over a polarized manifold
(X,L) implies Chow stability of (PE∗,OPE∗(1)⊗ pi∗Lk) for k ≫ 0
if the base manifold has no nontrivial holomorphic vector field and
admits a constant scalar curvature metric in the class of 2pic1(L).
In this article using asymptotic expansions of Bergman kernel on
SymdE, we generalize the main theorem of [S] to polarizations
(PE∗,OPE∗(d)⊗ pi∗Lk) for k ≫ 0, where d is a positive integer.
1. Introduction
In [S], we prove that if a holomorphic vector bundle E over a po-
larized algebraic manifold (X,L) is Mumford stable and if (X,L) ad-
mits a constant scalar curvature metric and has discrete automorphism
group, then (PE∗,OPE∗(1) ⊗ π∗Lk) is Chow stable for k ≫ 0. The
goal of this article is to generalize this result for the polarizations
(PE∗,OPE∗(d) ⊗ π∗Lk) for positive integer d and k ≫ 0. More pre-
cisely,
Theorem 1.1. Suppose that Aut(X) is discrete and X admits a con-
stant scalar curvature Ka¨hler metric in the class of 2πc1(L). Let d be
a positive integer. If E is Mumford stable, then
(PE∗,OPE∗(d)⊗ π∗Lk)
is Chow stable for k ≫ 0.
The proof of the Theorem for general d as opposed to d = 1 needs a
new result for the asymptotic expansion of the Bergman kernel.
In order to prove Thm. 1.1 we use the concept of balanced metrics.
Combining the results of Luo, Phong, Sturm and Zhang ([L], [PS1],
[Zh]) on the relation between balanced metrics and stability, it suffices
to prove the following
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Theorem 1.2. Let X be a compact complex manifold and L→ X be an
ample line bundle. Suppose that X admits a constant scalar curvature
Ka¨hler metric in the class of 2πc1(L) and Aut(X) is discrete. Let
E → X be a holomorphic vector bundle on X. If E is Mumford stable,
then OPE∗(d)⊗ π∗Lk admits balanced metrics for k ≫ 0.
The balanced condition may be formulated in terms of Bergman
kernels. First, we show that there exists an asymptotic expansion for
the Bergman kernel of (PE∗,OPE∗(d)⊗π∗Lk). Fix a Ka¨hler form ω on
X and a positive hermitian metric σ on L such that i∂¯∂ log σ = ω. For
any positive hermitian metric g on OPE∗(d), we define the sequence of
volume forms dµg,k on PE
∗ as follows
dµg,k = k
−m (ωg + kπ
∗ω)m+r−1
(m+ r − 1)! =
m∑
j=0
kj−m
ωm+r−1−jg
(m+ r − j)! ∧
π∗ωj
j!
,
where ωg = i∂¯∂ log g.
Let ρk(g, ω) be the Bergman kernel of H
0(PE∗,OPE∗(d)⊗π∗Lk) with
respect to the L2-inner product L2(g ⊗ σ⊗k, dµk,g). We prove the fol-
lowing theorem.
Theorem 1.3. For any hermitian metric h on E and Ka¨hler form
ω ∈ 2πc1(L), there exist smooth endomorphisms B˜k(h, ω) such that
ρk(g, ω)([v]) = C
−1
r,d tr
(
λd(v, Sym
dh)B˜k(h, ω)
)
,
where g is the Fubini-Study metric on OPE∗(d) induced by the hermitian
metric h, Cr,d is a constant defined by (2.1) and λd(v, Sym
dh) is an
endomorphism of SymdE defined in Def. 2.1. Moreover,
(1) There exist smooth endomorphisms Ai(h, ω) ∈ Γ(X,End(SymdE))
such that the following asymptotic expansion holds as k −→∞,
B˜k(h, ω) ∼ km + A1(h, ω)km−1 + . . . .
(2) In particular
A1(h, ω) =
r
(r + d)
(
ΛFSymdh −
1
R
tr(ΛFSymdh)ISymdE
)
+
1
2
S(ω)ISymdE ,
where Λ is the trace operator acting on (1, 1)-forms with respect
to the Ka¨hler form ω, FSymdh is the curvature of (Sym
dE, Symdh),
R is the rank of the bundle SymdE and S(ω) is the scalar cur-
vature of ω.
(3) The asymptotic expansion holds in C∞. More precisely, for any
positive integers a and p, there exists a positive constant Ka,p,ω,h
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such that∣∣∣∣∣∣B˜k(h, ω)− (km + · · ·+ Ap(h, ω)km−p)∣∣∣∣∣∣
Ca
≤ Ka,p,ω,hkm−p−1.
Moreover the expansion is uniform in the sense that there exists
a positive integer s such that if h and ω run in a bounded family
in Cs topology and ω is bounded from below, then the constants
Ka,p,ω,h are bounded by a constant depending only on a and p.
Finding balanced metrics on OPE∗(d) ⊗ π∗Lk is basically the same
as finding solutions to the equations ρk(g, ω) = Constant. Therefore
in order to prove Thm. 1.2, we need to solve the equations ρk(g, ω) =
Constant for k ≫ 0. Now if h satisfies the Hermitian-Einstein equation
ΛωF(E,h) = µIE, then Sym
dh satisfies a Hermitian-Einstein equation as
well. Therefore if ω has constant scalar curvature and h satisfies the
Hermitian-Einstein equation, then A1(h, ω) is constant. Notice that
in order to make A1 constant, existence of Hermitian-Einstein met-
ric is not enough. We need the existence of constant scalar curvature
Ka¨hler metric as well. Therefore if we know that the linearization of
A1 at (hHE , ωCSK) is surjective, we could construct formal solutions
as power series in k−1 for the equation ρk(g, ω) = Constant. Unfor-
tunately the linearization of A1 at (hHE , ωCSK) is only onto the sub-
space of hermitian endomorphisms of SymdE that are induced from
endomorphisms of E. In order to overcome this issue, we generalize
Theorem 1.3 to metrics of the form Symdh(I + k−1Φ), where h is a
metric on E and Φ is a hermitian endomorphism of SymdE . Let g and
gk(Φ) be the Fubini-Study metrics on OPE∗(d) induced by Symdh and
Symdh(I + k−1Φ) respectively. Let ρk(g, ω,Φ) be the Bergman kernel
of (OPE∗(d) ⊗ π∗Lk) with respect to L2(gk(Φ) ⊗ σ⊗k, dµk,g,Φ), where
dµk,g,Φ = k
−m (ωgk(Φ) + kω)
m+r−1
(m+ r − 1)! and ωgk(Φ) = i∂¯∂ log gk(Φ).
Theorem 1.4. Let h be a hermitian metric on E, Φ be a hermitian
endomorphism of SymdE and ω ∈ 2πc1(L) be a Ka¨hler form. Then
there exist smooth endomorphisms B˜k(h, ω,Φ) such that
ρk(g, ω,Φ)([v]) = C
−1
r,d tr
(
λd(v, Sym
dh(I + k−1Φ))B˜k(h, ω,Φ)
)
,
where g is the Fubini-Study metric on OPE∗(d) induced by the hermitian
metric h. Moreover,
(1) There exist smooth endomorphisms Ai(h, ω.Φ) ∈ Γ(X,End(SymdE))
such that the following asymptotic expansion holds as k −→∞,
B˜k(h, ω,Φ) ∼ km + A1(h, ω,Φ)km−1 + . . . .
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(2) In particular
A1(h, ω,Φ) = A1(h, ω) + Φ− T (Φ)
where A1(h, ω) is given in Theorem 1.3 and T : End(Sym
dE)→
End(SymdE) is a bundle map defined in Def. 3.3.
(3) The asymptotic expansion holds in C∞. More precisely, for any
positive integers a and p, there exists a positive constant Ka,p,ω,h
such that∣∣∣∣∣B˜k(h, ω,Φ)− (km + · · ·+ Ap(h, ω,Φ)km−p)∣∣∣∣∣
Ca
≤ Ka,p,ω,h,Φkm−p−1.
Moreover the expansion is uniform in the sense that there exists
a positive integer s such that if h, ω and Φ run in a bounded
family in Cs topology and ω and h are bounded from below, then
the constants Ka,p,ω,h,Φ are bounded by a constant depending
only on a and p.
Next, the crucial fact is that the linearization of A1 at (h, ω, ISymdE) is
surjective. This enables us to construct formal solutions as power series
in k−1 for the equation ρk(g, ω) = Constant. Therefore, for any positive
integer q, we can construct a sequence of metrics gk on OPE∗(d)⊗π∗Lk
and bases s
(k)
1 , ..., s
(k)
N for H
0(PE∗,OPE∗(d)) such that∑
|s(k)i |2gk = 1 , and
∫
〈s(k)i , s(k)j 〉gkdvolgk = DkI +Mk,
where Dk → Cr,d as k → ∞ (See (2.1) for definition of Cr,d.), and
Mk is a trace-free hermitian matrix such that ||Mk||op = o(k−q−1) as
k → ∞. Now [S, Theorem 4.6.] implies that we can perturb these
almost balanced metrics to get balanced metrics.
This article covers the following. In section 2, we review some basics
about symmetric powers. In section 3, we prove the existence of an
asymptotic expansions of Bergman kernels for (PE∗,OPE∗(d)⊗ π∗Lk).
We prove Theorem 1.3 and Theorem 1.4 in this section. Section 4 is
devoted to construction of sequences of almost balanced metrics on
(PE∗,OPE∗(d) ⊗ π∗Lk) using Theorem 1.4. In section 5, we prove
Theorem 3.1 and Theorem 3.7 which guarantee that the asymptotic
expansions obtained in Theorem 1.3 and Theorem 1.4 hold in C∞.
We refer the reader to [S] for a history on the subject and related
results.
Acknowledgements: I am sincerely grateful to Richard Wentworth
for many helpful discussions and suggestions and his continuous help,
support and encouragement. I would also like to thank Zhiqin Lu for
many helpful discussions and suggestions.
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2. Preliminaries
Let V be a complex vector space of dimension r. We define
SymdV = V ⊗d/ ∼,
where
v1 ⊗ · · · ⊗ vd ∼ vσ(1) ⊗ · · · ⊗ vσ(d)
for any σ ∈ Sd. We simply denote the class of v1 ⊗ · · · ⊗ vd in SymdV
by v1 . . . vd.
Any hermitian inner product h on V defines a hermitian inner prod-
uct Symdh on SymdV by
< v1 . . . vd, w1 . . . wd >Symdh=
1
d!
∑
σ∈Sd
< v1, wσ(1) > · · · < vd, wσ(d) > .
Lemma 2.1. Let e1, . . . , er be a basis for V , then
{ei11 . . . eirr |0 ≤ iα ≤ d,
r∑
α=1
jα = d}
forms a basis for SymdV . Moreover, if the basis e1, . . . , er is an or-
thonormal basis with respect to h, then
< ei11 . . . e
ir
r , e
j1
1 . . . e
ir
r >Symdh= 0 if (i1, . . . , ir) 6= (j1, . . . , jr),
||ei11 . . . eirr ||2Symdh =
i1! . . . ir!
d!
,
where i1, . . . , ir, j1, . . . , jr are integers such that 0 ≤ iα, jα ≤ d and∑r
α=1 iα =
∑r
α=1 jα = d.
Definition 2.1. For any hermitian inner product H on SymdV and v ∈
V , define an endomorphism λd(v,H) of Sym
dV by
λd(v,H) = |vd|−2H vd ⊗ v∗Hd ,
where vd = v . . . v. For any hermitian inner product H on Sym
dV and
v∗ ∈ V ∗, define an endomorphism λd(v∗, H) of SymdV by
λd(v
∗, H) = |w|−2H w ⊗ w∗H ,
where w is the unique vector in SymdV satisfying
v∗d(u) = 〈u, w〉H ∀u ∈ SymdV.
There is a natural isomorphism between SymdV andH0(PV ∗,OPV ∗(d))
which sends v1 . . . vd ∈ SymdV to ̂v1 . . . vd ∈ H0(PV ∗,OPV ∗(d)) defined
by
̂v1 . . . vd([v
∗])(w∗1 ⊗ · · · ⊗ w∗d) = w∗1(v1) . . . w∗d(vd),
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where w∗1 ∈ V ∗ and there exist complex numbers λ1, . . . , λd such that
w∗i = λiv
∗. Notice that
̂v1 . . . vd([v
∗])(w∗1 ⊗ · · · ⊗ w∗d) = λ1 . . . λdv∗(v1) . . . v∗(vd)
and therefore it is a well-defined section of OPV ∗(d).
For any hermitian inner product H on SymdV , define a metric Ĥ on
OPV ∗(d) by
〈sˆ, tˆ〉
Ĥ
[v] =
v⊗d(s)v⊗d(t)
|v . . . v|2H
.
Note that originally H is a hermitian inner product on SymdV and
v . . . v ∈ SymdV ∗. However, the hermitian inner product H induces a
hermitian inner product on SymdV ∗ which we denote it by H as well.
In particular
〈sˆ, tˆ〉
Ŝymdh
[v] =
v⊗d(s)v⊗d(t)
|v|2dh
.
The following lemma is straightforward.
Lemma 2.2. For any hermitian inner product h on V , we have
hˆ⊗d = Ŝymdh.
Lemma 2.3. There exists a constant Cr,d such that for any v, w ∈
SymdV and any hermitian inner product h on V ,
dr−1
∫
PV ∗
〈vˆ, wˆ〉
ĥ⊗d
ωr−1
hˆ
(r − 1)! = Cr,d〈v, w〉Symdh,
where ωhˆ = i∂¯∂ log hˆ. The constant Cr,d is given by the following for-
mula
(2.1) Cr,d =
∫
Cr−1
dξ ∧ dξ
(1 +
∑r−1
j=1 |ξj|2)r+d
.
Here dξ ∧ dξ = (√−1dξ1 ∧ dξ1) ∧ · · · ∧ (
√−1dξr−1 ∧ dξr−1).
Conversely, let H be a hermitian inner product on SymdV . Suppose
there exists a constant C such that∫
PV ∗
〈vˆ, wˆ〉
Ĥ
ωr−1
Ĥ
(r − 1)! = C〈v, w〉H,
for any v, w ∈ SymdV . Then there exists a hermitian inner product h
on V such that H = Symdh.
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Proof. The first part is a straightforward computation. For the second
part, suppose that H is a hermitian inner product on SymdV satisfying∫
PV ∗
〈vˆ, wˆ〉
Ĥ
ωr−1
Ĥ
(r − 1)! = C〈v, w〉H,
for any v, w ∈ SymdV . Let v1, . . . vR be an orthonormal basis for
SymdV with respect to H . For any e∗ ∈ V ∗, we have∑
||v̂i||2Ĥ([e∗]) =
∑
e∗d(vi)e
∗
d(vi)
||e∗d||2H
=
||e∗d||2H
||e∗d||2H
= 1.
On the other hand∫
PV ∗
〈vˆi, vˆj〉Ĥ
ωr−1
Ĥ
(r − 1)! = C〈vi, vj〉H = Cδij.
Therefore Ĥ is a balanced metric on (PV ∗,OPV ∗(d)). It concludes
the proof since balanced metrics on (PV ∗,OPV ∗(d)) are unique up to
Aut(PV ∗,OPV ∗(d)) ∼= PGL(V ).

There is a canonical representation of Symd : GL(V )→ GL(SymdV )
defined as follows:
(SymdA)(v1 . . . vd) = Av1 . . . Avd,
where A ∈ GL(V ) and v1, . . . , vd ∈ V . This induces a Lie algebra
homomorphism Sd : End(V )→ End(SymdV ) defined by
(2.2) (SdA)(v1 . . . vd) =
d∑
i=1
v1 . . . Avi . . . vd
for any A ∈ End(V ). Suppose that the vector space V is equipped with
a hermitian inner product. Then the Lie algebra homomorphism Sd
maps hermitian endomorphisms to hermitian endomorphisms. More
precisely, we have the following.
Lemma 2.4. Let h be a hermitian inner product on V . We denote the
space of hermitian endomorphisms of V with respect to h by Endh(V )
and the space of hermitian endomorphisms of SymdV with respect to
Symdh by Endh(Sym
dV ). Then
Sd(Endh(V )) ⊂ Endh(SymdV ).
Let E be a holomorphic vector bundle over a Ka¨hler manifold (X,ω)
and h be a hermitian metric on E. Then straightforward computation
shows that
F(∂¯
SymdE
,Symdh) = S
dF(∂¯E ,h),
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where F(∂¯E ,h) is the curvature of the chern connection on (E, h). A
direct consequence of the above formula is the following:
Proposition 2.5. Let hHE be a Hermitian-Einstein metric on E with
respect to ω, i.e. ΛωFhHE = µIE. Then Sym
dhHE is a Hermitian-
Einstein metric on SymdE with respect to ω.
3. Asymptotic Expansion
The goal of this section is to give an asymptotic expansion for the
Bergman kernel of (PE∗,OPE∗(d)⊗ π∗Lk).
Let (X,ω) be a Ka¨hler manifold of dimension m and E be a holo-
morphic vector bundle on X of rank r. Let L be an ample line bundle
on X endowed with a hermitian metric σ such that i∂¯∂ log σ = ω. For
any hermitian metric h on E , we define the volume form
dµg =
ωr−1g
(r − 1)! ∧
π∗ωm
m!
,
where g = Ŝymdh = ĥ⊗d, ωg = i∂¯∂ log g = di∂¯∂ log ĥ and π : PE
∗ → X
is the projection map. The goal is to find an asymptotic expansion for
the Bergman kernel of OPE∗(d) ⊗ Lk → PE∗ with respect to the L2-
metric defined on H0(PE∗,OPE∗(d)⊗ π∗Lk). We define the L2- metric
using the fibre metric g ⊗ σ⊗k and the volume form dµg,k defined as
follows
(3.1) dµg,k = k
−m (ωg + kω)
m+r−1
(m+ r − 1)! =
m∑
j=0
kj−m
ωm+r−1−jg
(m+ r − j)! ∧
ωj
j!
.
In order to do that, we reduce the problem to the problem of Bergman
kernel asymptotics on SymdE ⊗ Lk → X . The first step is to use the
volume form dµg which is a product volume form instead of the more
complicated one dµg,k. So, we replace the volume form dµg,k with dµg
and the fibre metric g ⊗ σk with g(k)⊗ σk, where the metrics g(k) are
defined on OPE∗(d) by
(3.2) g(k) = k−m(
m∑
j=0
kjfj)g = (fm + k
−1fm−1 + ... + k
−mf0)g,
and
(3.3)
ωm+r−1−jg
(m+ r − j)! ∧
ωj
j!
= fjdµg.
Clearly the L2-inner products L2(g⊗σk, dµg,k) and L2(g(k)⊗σk, dµg) on
H0(PE∗,OPE∗(d)⊗ π∗Lk) are the same. The second step is going from
OPE∗(d)→ PE∗ to SymdE → X . In order to do this we somehow push
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forward the metric g(k) to get a metric g˜(k) on SymdE (See Definition
3.2). Then we can apply the result on the asymptotics of the Bergman
kernel on SymdE. The last step is to use this to get the result.
Definition 3.1. Let ŝk1, ...., ŝ
k
N be an orthonormal basis forH
0(PE∗,OPE∗(d)⊗
π∗Lk) with respect to L2(g ⊗ σk, dµk,g). We define
(3.4) ρk(g, ω) =
N∑
i=1
|ŝki |2g⊗σk .
Definition 3.2. For any hermitian form g on OPE∗(d), we define a her-
mitian form g˜ on SymdE as follow
(3.5) g˜(s, t) = C−1r,d
∫
PE∗x
g(ŝ, t̂ )
ωr−1g
(r − 1)! ,
for s, t ∈ SymdEx. (See (2.1) for definition of Cr,d.)
Notice that if g = Ŝymdh for some hermitian metric h on E, Lemma
2.3 implies that g˜ = Symdh. Define hermitian metrics g˜j ’s on Sym
dE
by
(3.6) g˜j(s, t) = C
−1
r,d
∫
PE∗x
fjg(ŝ, t̂)
ωr−1g
(r − 1)! ,
for s, t ∈ SymdEx. Also we define Ψj ∈ End(SymdE) by
(3.7) g˜j = Sym
dhΨj.
If h and ω vary in bounded family, then Ψj’s vary in a bounded
family. More precisely, we have the following
Theorem 3.1. Let ν0 be a fixed Ka¨hler form on X and h0 be a fixed
hermitian metric on E. For any positive numbers l and l′ and any
positive integer p, there exists a positive number Cl,l′,p such that if
||ω||Cp(ν0), ||h||Cp+2(h0,ν0) ≤ l and inf
x∈X
|ω(x)m|ν0(x) ≥ l′,
then ||Ψi||Cp(h0,ν0) ≤ Cl,l′,p, for any 1 ≤ i ≤ m.
We prove Theorem 3.1 in Section 5.
Lemma 3.2. We have the following
(1) Ψm = ISymdE .
(2) Ψm−1 =
d
(r + d)
(
ΛFSymdh + tr(ΛFh)ISymdE
)
.
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Proof. Fix a point p ∈ X . Let e1, ..., er be a local holomorphic frame
for E around p such that
〈ei, ej〉h(p) = δij, d〈ei, ej〉h(p) = 0.
For simplicity, we assume that
i
2π
Fh(p) =


ω1 0 · · · 0
0 ω2 · · · 0
...
. . .
...
0 0 · · · ωr

 .
Let λ1, ..., λr be the homogeneous coordinates on the fibre. At the
fixed point p, we have
ωg = d(ωFS,h +
∑
ωi|λi|2∑ |λi|2 ).
Therefore,
ωrg ∧ ωm−1 = dωr−1FS,h ∧
(∑ωi|λi|2∑ |λi|2
) ∧ ωm−1.
Hence
fm−1 = d
∑ |λi|2Λωi∑ |λi|2 .
Let α1, . . . , αr be nonnegative integers such that α1 + · · ·+ αr = d.
Therefore,
g˜m−1(e
α1
1 . . . e
αr
r , e
α1
1 . . .e
αr
r ) = C
−1
r,dπ∗(fm−1g˜(
̂eα11 . . . e
αr
r ,
̂eα11 . . . e
αr
r )
ωr−1g
(r − 1)!)
= C−1r,dCr
∑
Λωi
∫
Cr−1
|λi|2|λ1|2α1 . . . |λr|2αrdλ ∧ dλ
(1 +
∑r−1
j=1 |λj|2)r+d+1
= C−1r,dCr
r!α1! . . . αr!
(r + d)!
r∑
i=1
(αi + 1)Λωi.
Hence,
Ψm−1 =
d
(r + d)
(
ΛFSymdh + tr(ΛFh)ISymdE
)

The following lemmas are straightforward.
Lemma 3.3. g˜ ⊗ σk = g˜ ⊗ σk.
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Lemma 3.4. Let H be a hermitian metric on SymdE and s1, ..., sN be
a basis for H0(X,SymdE). Then∑
|ŝi([v∗])|2Ĥ = Tr
(
Bλd(v
∗, H)
)
,
where B =
∑
si ⊗ s∗Hi .
Proof of Theorem 1.3. Define
(3.8) h(k) = C−1r,dπ∗
(
g
dµg,k
dµg
ωr−1g
(r − 1)!
)
,
i.e. for any x ∈ X and s, t ∈ SymdEx, we have
〈s, t〉h(k) = C−1r,d
∫
PE∗x
〈ŝ, t̂ 〉g dµg,k
dµg
ωr−1g
(r − 1)! .
Therefore (3.1), (3.3) and (3.7) imply that
(3.9) h(k) =
m∑
j=0
kj−mg˜j = Sym
dh(
m∑
j=0
kj−mΨj).
Let Bk(h(k), ω) be the Bergman kernel of Sym
dE ⊗Lk with respect to
the L2-metric defined by the hermitian metric h(k)⊗σk on SymdE⊗Lk
and the volume form ω
m
m!
onX . Therefore, if s1, ..., sN is an orthonormal
basis for H0(X, SymdE ⊗ Lk) with respect to the L2(h(k) ⊗ σk, ωm
m!
),
then
(3.10) Bk(h(k), ω) =
∑
si ⊗ s
∗
h(k)⊗σk
i ,
We define B˜k(h, ω) as follows:
(3.11) B˜k(h, ω) =
∑
si ⊗ s∗Symdh⊗σki .
Let ŝ1, ...., ŝN be the corresponding basis for H
0(PE∗,OPE∗(d) ⊗ Lk).
Hence, ∫
PE∗
〈ŝi, ŝj〉g⊗σkdµg,k =
∫
PE∗
〈ŝi, ŝj〉g⊗σk(
m∑
j=0
kjfj)dµg
=
∫
PE∗
〈ŝi, ŝj〉g(k)⊗σkdµg
= Cr,d
∫
X
〈si, sj〉h(k)⊗σk
ωm
m!
= Cr,dδij.
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Therefore 1√
Cr,d
ŝ1, ....,
1√
Cr,d
ŝN is an orthonormal basis forH
0(PE∗,OPE∗(d)⊗
Lk) with respect to L2(g ⊗ σk, dµk,g). Hence Lemma 3.4 implies that
Cr,dρk(g, ω) = Tr
(
λd(v
∗, Symdh)B˜k(h, ω)
)
.
Now, in order to conclude the proof, it suffices to show that there exist
smooth endomorphisms Ai ∈ Γ(X,End(SymdE)) such that
B˜k(h, ω) ∼ km + A1km−1 + . . . .
Let Bk(Sym
dh, ω) be the Bergman kernel of SymdE ⊗ Lk with respect
to the L2(Symdh⊗ σk, ωm
m!
). A fundamental result on the asymptotics
of the Bergman kernel ([C], [Z], [Lu], [W]) states that there exists an
asymptotic expansion
Bk(Sym
dh, ω) ∼ km +B1(Symdh)km−1 + . . . ,
where
B1(Sym
dh) =
i
2π
ΛF(SymdE,Symdh) +
1
2
S(ω)ISymdE .
(See also [BBS].) Moreover this expansion holds uniformly for any h
in a bounded family. Therefore, we can Taylor expand the coefficients
Bi(Sym
dh)’s. We conclude that for endomorphisms Φ1, ...,ΦM ,
Bk(Sym
dh(I +
M∑
i=0
k−iΦi), ω) ∼ km +B1(Symdh)km−1 + . . . .
Note that B1(Sym
dh) in the above expansion does not depend on Φi’s
and is given as before by
B1(Sym
dh) =
i
2π
ΛF(SymdE,Symdh) +
1
2
S(ω)ISymdE .
On the other hand
Bk(h(k), ω) =
∑
si ⊗ s
∗
g˜(k)⊗σk
i = (
∑
si ⊗ s∗h⊗σki )(
m∑
j=0
kj−mΨj)
= B˜k(h, ω)(
m∑
j=0
kj−mΨj).
Therefore,
B˜k(Sym
dh, ω) = Bk(h(k), ω)(
m∑
j=0
kj−mΨj)
−1
∼ km + (B1(Symdh)−Ψm−1)km−1 + . . . .
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We have
B1 −Ψm−1 = ir
2π(r + d)
ΛFSymdh +
1
2
S(ω)ISymdE −
id
2π(r + d)
tr(ΛFh)ISymdE
=
ir
2π(r + d)
(
ΛFSymdh −
1
rank
(
SymdE
)tr(ΛFSymdh)I)+ 12S(ω)I
(3.12)
Notice that Theorem 3.1 implies that if h and ω vary in a bounded
family and ω is bounded from below, then Ψ1, ..,Ψm vary in a bounded
family. Therefore the asymptotic expansion that we obtained for B˜k(h, ω)
is uniform as long as h and ω vary in a bounded family and ω is bounded
from below.

Suppose that E admits a Hermitian-Einstein metric hHE and (X,L)
admits a constant scalar curvature Ka¨hler metric ωCSCK . If the lin-
earization of A1 at (hHE , ωCSCK) were surjective, then we would be able
to construct sequences of almost balanced metrics. The problem is that
the image of the linearization of A1 consists only those endomorphisms
of SymdE that are induced from endomorphisms of E. Therefore we
need to generalize Theorem 1.3 .
Let Φ ∈ Γ(End(SymdE)) be hermitian with respect to Symdh. As
before, let g be the Fubini-Study metric on OPE∗(d) induced by the
hermitian metric h. Define hermitian metrics
(3.13) ht(Φ) = Sym
dh(I + tΦ) and gk(Φ) = ̂hk−1(Φ)
on SymdE and OPE∗(d) respectively. We define the function F (Φ) ∈
C∞(PE∗) by
F (Φ)([v]) = ||vd||−2Symdh
d
dt
∣∣∣
t=0
||vd||2ht(Φ), v ∈ E∗.
Here vd = v . . . v and note that ||vd||2Symdh = ||v||2dh . Simple calculations
show that
(3.14) F (Φ)([v]) = tr(λd(v, Sym
dh)Φ).
(3.15)
gk(Φ)
g
([v]) = 1 + k−1F (Φ) +O(k−2).
Thus,
(3.16) ωgk(Φ) = i∂¯∂ log gk(Φ) = ωg + k
−1i∂¯∂F (Φ) +O(k−2).
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We define the volume forms dµg,Φ,k on PE
∗ as follows
(3.17) dµg,Φ,k = k
−m (ωgk(Φ) + kω)
m+r−1
(m+ r − 1)! .
For any smooth function F ∈ C∞(PE∗), define
△˜F = (r − 1)i∂¯∂F ∧ ω
r−2
g ∧ ωm
ωr−1g ∧ ωm
.
Therefore (3.3), (3.15) and (3.16) imply that
(3.18) gk(Φ)dµg,Φ,k =
(
1+k−1
(
fm−1+F (Φ)+△˜F (Φ)
)
+O(k−2)
)
gdµg.
Recall that dµg =
ωr−1g
(r−1)!
∧ ωn
n!
.
Definition 3.3. Define the bundle map T : End(SymdE)→ End(SymdE)
by
(3.19) 〈s, (TΦ)(t)〉Symdh = C−1r,d
∫
PE∗x
(F (Φ) + △˜F (Φ))〈ŝ, t̂ 〉g
ωr−1g
(r − 1)! ,
for any x ∈ X and s, t ∈ SymdEx.
We will use the following Lemmas in the proof of Corollary 3.9.
Lemma 3.5. For any Φ ∈ Γ(End(SymdE)) hermitian with respect to
Symdh, we have Tr(TΦ) = Tr(Φ).
Proof. Let e1, . . . er be an orthonormal local frame for E with respect
to h and EI be the corresponding orthonormal local frame for Sym
dE
with respect to Symdh. We have
Tr(TΦ) =
∑
I
〈EI , (TΦ)(EI)〉Symdh =
∑
I
C−1r,d
∫
Fiber
(F + △˜F )〈ÊI , ÊI〉g
ωr−1g
(r − 1)!
= C−1r,d
∫
Fiber
(F + △˜F )
∑
I
|ÊI |2g
ωr−1g
(r − 1)!
= C−1r,d
∫
Fiber
(F + △˜F ) ω
r−1
g
(r − 1)!
= C−1r,d
∫
Fiber
F
ωr−1g
(r − 1)! .
On the other hand, (3.14) implies that∫
Fiber
F
ωr−1g
(r − 1)! = Cr,dTr(Φ).
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
Lemma 3.6. For any ϕ ∈ Γ(End(E)), we have T (Sdϕ) = Sdϕ. Con-
versely, if TΦ = Φ for some Φ ∈ Γ(End(SymdE)), then there exists
ϕ ∈ Γ(End(E)) such that Φ = Sdϕ. (See (2.2) for definition of Lie
algebra homomorphim Sd.)
Proof. The equations (3.15) and (3.16) imply that
gk(Φ)ω
r−1
gk(Φ)
=
(
1 + k−1
(
F (Φ) + △˜F (Φ))+O(k−2))gωr−1g .
Therefore∫
PE∗x
〈ŝ, t̂ 〉gk(Φ)
ωr−1
gk(Φ)
(r − 1)! =
∫
PE∗x
(
1 +
(
F (Φ) + △˜F (Φ))k−1 +O(k−2))〈ŝ, t̂ 〉g ωr−1g
(r − 1)!
=
∫
PE∗x
〈ŝ, t̂ 〉g
ωr−1g
(r − 1)! + k
−1
∫
PE∗x
(
F (Φ) + △˜F (Φ))〈ŝ, t̂ 〉g ωr−1g
(r − 1)!
+O(k−2).
Lemma 2.3 and (3.19) imply that
C−1r,d
∫
PE∗x
〈ŝ, t̂ 〉gk(Φ)
ωr−1
gk(Φ)
(r − 1)! = 〈s, t〉Symdh+k
−1〈s, (TΦ)(t)〉Symdh+O(k−2),
since g = Ŝymdh. On the other hand, Lemma 2.3 implies that
C−1r,d
∫
PE∗x
〈ŝ, t̂ 〉gk(Φ)
ωr−1
gk(Φ)
(r − 1)! = 〈s, t〉Symdh(I+k−1Φ)
if and only if there exists ϕ ∈ Γ(End(E)) such that Φ = Sdϕ. This
concludes the proof.

Definition 3.4. Let h be a hermitian metric onE and Φ ∈ Γ(End(SymdE))
be hermitian with respect to Symdh. We define
ρk(g, ω,Φ) := ρk(gk(Φ), ω) = ρk(
̂Symdh(I + k−1Φ), ω),
where g = Ŝymdh.
In order to prove Theorem 1.4, we need to find an asymptotic expan-
sion for the Bergman kernel ρk(g, ω,Φ) := ρk(gk(Φ), ω). By definition
ρk(g, ω,Φ) is the Bergman kernel of OPE∗(d)⊗Lk → PE∗ with respect
to the inner product L2(gk(Φ), dµg,k,Φ) defined on H
0(PE∗,OPE∗(d)⊗
π∗Lk). Clearly the L2− inner products L2(gk(Φ), dµg,k,Φ) and L2(gk(Φ)dµg,k,Φdµg , dµg)
are the same. Therefore we can replace the complicated volume form
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dµg,k,Φ by the product volume form dµg and the fibre metric gk(Φ)⊗σk
with
dµg,k,Φ
dµg
gk(Φ) ⊗ σk. Then we push forward the metric gk(Φ)dµg,k,Φdµg
to get a metric h(k,Φ) on SymdE (See Definition 3.5). In order to
conclude the theorem, we apply the result on the asymptotics of the
Bergman kernel on SymdE to the metric h(k,Φ).
Definition 3.5. We define the hermitian metric h(k,Φ) on SymdE as
follows:
(3.20) h(k,Φ) = C−1r,dπ∗
(
gk(Φ)
dµg,k,Φ
dµg
ωr−1g
(r − 1)!
)
,
i.e. for any x ∈ X and s, t ∈ SymdEx, we have
〈s, t〉h(k,Φ) = C−1r,d
∫
PE∗x
〈ŝ, t̂ 〉gk(Φ)
dµg,k,Φ
dµg
ωr−1g
(r − 1)! .
If h, ω and Φ vary in a bounded family, then the metrics h(k,Φ)
vary in a bounded family. More precisely, we have the following.
Theorem 3.7. Let ν0 be a fixed Ka¨hler form on X and h0 be a fixed
hermitian metric on E. For any positive numbers l and l′ and any
positive integer p, there exists a positive number Cl,l′,p such that if
||ω||Cp(ν0), ||h||Cp+2(h0,ν0), ||Φ||Cp+2(h0,ν0) ≤ l and
inf
x∈X
||h(x)||h0(x), inf
x∈X
|ω(x)m|ν0(x) ≥ l′,
then ||h(k,Φ)||Cp(h0,ν0) ≤ Cl,l′,p, for k ≫ 0.
We prove Theorem 3.7 in Section 5.
Proof of Theorem 1.4. Recall that
h(k,Φ) = C−1r,dπ∗
(
gk(Φ)
dµg,k,Φ
dµg
ωr−1g
(r − 1)!
)
.
Therefore (3.6), (3.7), (3.18) and (3.19) imply that
h(k,Φ) = Symdh(I + k−1(T (Φ) + Ψm−1) +O(k
−2)).
Let Bk(h(k,Φ), ω) be the Bergman kernel of Sym
dE ⊗ Lk with re-
spect to the L2-metric defined by the hermitian metric h(k,Φ)⊗σk on
SymdE ⊗ Lk and the volume form ωm
m!
on X . Therefore, if s1, ..., sN
is an orthonormal basis for H0(X, SymdE ⊗ Lk) with respect to the
metric L2(h(k)⊗ σk, ωm
m!
), then
(3.21) Bk(h(k,Φ), ω) =
∑
si ⊗ s
∗
h(k,Φ)⊗σk
i ,
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We define B˜k(h, ω,Φ) as follow
(3.22) B˜k(h, ω,Φ) =
∑
si ⊗ s
∗
Symdh(I+k−1Φ)⊗σk
i .
Let ŝ1, ...., ŝN be the corresponding basis for H
0(PE∗,OPE∗(d) ⊗ Lk).
Hence,∫
PE∗
〈ŝi, ŝj〉gk(Φ)⊗σkdµg,Φ,k =
∫
PE∗
〈ŝi, ŝj〉gk(Φ)⊗σk
dµg,Φ,k
dµg
dµg
= Cr,d
∫
X
〈si, sj〉h(k,Φ)⊗σk
ωm
m!
= Cr,dδij.
Therefore 1√
Cr,d
ŝ1, ....,
1√
Cr,d
ŝN is an orthonormal basis forH
0(PE∗,OPE∗(d)⊗
Lk) with respect to L2(gk(Φ)⊗ σk, dµg,Φ,k). Hence,
Cr,dρk(g,Φ, ω) = Cr,dρk(gk(Φ), ω) =
∑
|sˆi|2gk(Φ)
and therefore Lemma 3.4 implies that
ρk(g,Φ, ω)([v]) = C
−1
r,d tr
(
λd(v, Sym
dh(I + k−1Φ))B˜k(h, ω,Φ)
)
.
In order to conclude the proof, it suffices to show that there exist
smooth endomorphisms Ai(h, ω,Φ) ∈ Γ(X,End(SymdE)) such that
B˜k(h, ω,Φ) ∼ km + A1(h, ω,Φ)km−1 + . . . .
The same argument as in the proof of Theorem 1.3 implies that there
exist smooth endomorphisms Bi ∈ Γ(X,End(SymdE)) such that
Bk(h(k,Φ), ω) ∼ km +B1km−1 + . . . ,
where the first coefficient Bi is given by
(3.23) B1(Sym
dh) =
i
2π
ΛF(SymdE,Symdh) +
1
2
S(ω)ISymdE .
On the other hand
Bk(h(k,Φ), ω) =
∑
si ⊗ s
∗
h(k,Φ)⊗σk
i
=
∑
si ⊗ s
∗
Symdh(I+k−1Φ)⊗σk
i (I + k
−1Φ)−1(I + k−1(TΦ+Ψm−1) + . . . )
= B˜k(h, ω,Φ)(I + k
−1Φ)−1(I + k−1(TΦ+Ψm−1) + . . . ).
Therefore,
B˜k(h, ω,Φ) = Bk(h(k,Φ), ω)(I + k
−1(TΦ+Ψm−1) +O(k
−2))−1(I + k−1Φ)
= Bk(h(k,Φ), ω)(I + k
−1(Φ− TΦ−Ψm−1) +O(k−2))
∼ km + (B1 −Ψm−1 + Φ− TΦ)km−1 + . . . .
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Hence (3.12) imply that
A1(h, ω,Φ) =
ir
2π(r + d)
(
ΛFSymdh −
1
rank
(
SymdE
)tr(ΛFSymdh)I)
+
1
2
S(ω)I + Φ− TΦ = A1(h, ω) + Φ− TΦ.
Notice that Theorem 3.7 implies that if h, Φ and ω vary in a bounded
family and ω, h are bounded from below, then the metrics h(k,Φ) vary
in a bounded family. Thus the asymptotic expansion that we obtained
for B˜k(h, ω,Φ) is uniform as long as h, Φ and ω vary in a bounded
family and ω and h are bounded from below.

Proposition 3.8. Suppose that ω∞ ∈ 2πc1(L) be a Ka¨hler form with
constant scalar curvature and hHE be a Hermitian-Einstein metric on
E, i.e. Λω∞F(E,hHE) = µIE, where µ is the ω∞−slope of the bundle E.
We have
A1,1(ϕ, η,Φ) :=
d
dt
∣∣∣
t=0
A1(hHE(IE + tϕ), ω∞ + it∂∂η, ISymdE + tΦ)
= D∗DηISymdE +
ir
2π(r + d)
(
SdΛω∞∂∂ϕ + Λ
2
ω∞
(FSymdhHE ∧ i∂∂η)
− 1
R
tr
(
SdΛω∞∂∂ϕ + Λ
2
ω∞
(FhHE ∧ i∂∂η)
))
+ Φ− TΦ,
where D∗D is Lichnerowicz operator (cf. [D, Page 515]) and R is the
rank of the vector bundle SymdE.
Proof. Define f(t) = Λω∞+it∂∂ηF(SymdhHE(I+tSdϕ)). Therefore, we have
mF(SymdhHE(I+tSdϕ)) ∧ (ω∞ + it∂∂η)m−1 = f(t)(ω∞ + it∂∂η)m.
Differentiating with respect to t at t = 0, we obtain
mSd∂∂ϕ∧ωm−1∞ +m(m−1)FSymdhHE∧(i∂∂η)∧ωm−2∞ = f ′(0)ωm∞+mf(0)(i∂∂η)∧ωm−1∞ .
Since f(0) = µIE, we get
f ′(0) = SdΛω∞∂∂ϕ + Λ
2
ω∞
(FSymdhHE ∧ (i∂∂η))− µΛω∞(i∂∂η)IE .
On the other hand (cf. [D, pp. 515, 516].)
d
dt
∣∣∣
t=0
S(ω∞ + it∂∂η) = D∗Dη.

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Corollary 3.9. Suppose that Aut(X,L)/C∗ is discrete and E is stable.
Then the map
A1,1 : Γ(End(E))⊕ C∞(X)⊕ Γ(End(SymdE))→ Γ0(End(SymdE))
is surjective, where Γ0(End(Sym
dE)) is the space of smooth hermit-
ian (with respect to SymdhHE) endomorphisms Ψ of Sym
dE satisfying∫
X
tr(Ψ)ωm∞ = 0.
Proof. In this proof we let F = F(E,hHE) and Λ = Λω∞ . Define the
bundle map T˜ : End(SymdE) → End(SymdE) by T˜Φ = Φ − TΦ.
Lemma 3.6 implies that ker(T˜ ) = Sd(End(E)). Therefore ker(T˜ ) and
Im(T˜ ) are smooth subbundles of End(SymdE) and as smooth bundles,
we have
End(SymdE) = ker(T˜ )⊕ Im(T˜ ).
Let Ψ ∈ Γ0(End(SymdE)). There exist Ψ1 ∈ ker(T˜ ) and Ψ2 ∈ Im(T˜ )
such that Ψ = Ψ1+Ψ2. Hence there exists Φ0 ∈ Γ(End(SymdE)) such
that
(3.24) Ψ2 = T˜ (Φ0) = Φ0 − TΦ0.
We know that the map η ∈ C∞0 → D∗Dη ∈ C∞0 is surjective since
Aut(X,L)/C∗ is discrete (cf. [D, pp. 515, 516]). Thus, we can find
η0 ∈ C∞(X) such that D∗Dη0 = 1R tr(Ψ). Note that Lemma 3.5 and
(3.24) imply that
D∗Dη0 = 1
R
tr(Ψ) =
1
R
tr(Ψ1).
On the other hand
i
2π
(
Λ2(F∧i∂∂η0)− 1
R
tr(Λ2(F∧i∂∂η0)
)−Ψ1+ 1
R
tr(Ψ1) ∈ Γ0(SdEnd(E)).
The map
ϕ ∈ Γ0(End(E))→ i
2π
Λ∂∂ϕ ∈ Γ0(End(E))
is surjective since E is simple (cf. [K]). Therefore, there exists ϕ0 ∈
Γ(End(E)) such that
− i
2π
SdΛ∂∂ϕ0 =
i
2π
(
Λ2(F∧i∂∂η0)− 1
R
tr(Λ2(F∧i∂∂η0)
)−Ψ1+ 1
R
tr(Ψ1).
This together with (3.24) imply that
A1,1(ϕ0, η0,Φ0) = Ψ.
Note that tr
(
i
2pi
SdΛ∂∂ϕ0
)
= 0.

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4. Constructing Almost Balanced Metrics
Let σ∞ be a hermitian metric on L such that ω∞ = i∂∂ log σ∞ is
a Ka¨hler form with constant scalar curvature. Let hHE be the corre-
sponding Hermitian-Einstein metric on E, i.e.
Λω∞F(E,hHE) = µIE,
where µ is the slope of the bundle E. Define
(4.1) ω0 = i∂∂ log
̂SymdhHE = di∂∂ log ĥHE.
After tensoring by high power of L, we can assume without loss of
generality that ω0 is a Ka¨hler form on PE
∗. We fix an integer a ≥ 4.
In order to prove the following, we use ideas introduced by Donaldson
in ([D, Theorem 26])
Theorem 4.1. Suppose Aut(X,L) is discrete. There exist smooth
functions η1, η2, ... on X, smooth endomorphisms ϕ1, ϕ2, . . . of E and
Φ1,Φ2, ... smooth endomorphisms of Sym
dE such that for any positive
integer q if
νk,q = ω∞ + i∂∂(
q∑
j=1
k−jηj),
hk,q = hHE(IE +
q∑
j=1
k−jϕj)
and
Φk,q = ISymdE +
q∑
j=1
k−jΦj ,
then
(4.2) B˜k(hk,q, νk,q,Φk,q) =
kmCr,dNk
Vk
(ISymdE + δq),
where ||δq||Ca+2 = O(k−q−1). Here Vk = V ol(PE∗,OPE∗(d) ⊗ Lk) and
Nk = h
0(PE∗,OPE∗(d)⊗ Lk) are topological invariants.
Proof. The error term in the asymptotic expansion is uniformly bounded
in Ca+2 for all h, Φ and ω varying in a bounded family. Therefore there
exists a positive integer s depends only on p and q such that
Ap(h(1 + ϕ), ω + i∂∂η, I + Φ) = Ap(h, ω, I) +
q∑
j=1
Ap,j(ϕ, η,Φ)(4.3)
+O(||(ϕ, η,Φ)||q+1Cs ),
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where Ap,j are homogeneous polynomials of degree j , depending on h
and ω, in ϕ , η and Φ and its covariant derivatives. Let ϕ1, . . . , ϕq be
smooth endomorphisms of E, Φ1, . . . ,Φq be smooth endomorphisms of
SymdE and η1, . . . , ηq be smooth functions on X . We have
Ap(h(1 +
q∑
j=1
k−jϕj), ω + i∂∂(
q∑
j=1
k−jηj), I +
q∑
j=1
k−jΦj)(4.4)
= Ap(h, ω, I) +
q∑
j=1
bp,jk
−j +O(k−q−1),
where bp,j ’s are multi linear expression on ϕi, Φi’s and ηi’s. Hence
B˜k(h(1 +
q∑
j=1
k−jΦj), ω + i∂∂(
q∑
j=1
k−jηj), I +
q∑
j=1
k−jΦj)(4.5)
= km + A1(h, ω, I)k
m−1 + ....
+ (Aq(h, ω, I) + bq−1,1 + ... + b1,q−1)k
m−q +O(km−q−1).
We need to choose ϕj , Φj and ηj such that coefficients of k
m, ...km−q in
the right hand side of (4.5) are constant. Donaldson’s key observation
is that ηp, ϕp and Φp only appear in the coefficient of k
m−p in the form
of A1,1(ϕp, ηp,Φp). Hence, we can do this inductively. Assume that we
choose η1, η2, . . . , ηp−1 , ϕ1, ϕ2, . . . , ϕp−1 and Φ1,Φ2, . . . ,Φp−1 so that
the coefficients of km, ...km−p+1 are constant. Now we need to choose
ηp, ϕp and Φp such that the coefficient of k
m−p is constant. This means
that we need to solve the equation
(4.6) A1,1(ϕp, ηp,Φp)− cpISymdE = Pp−1,
for ϕp, Φp, ηp and the constant cp. In this equation Pp−1 is determined
by ϕ1, . . . , ϕp−1 Φ1, . . . ,Φp−1 and η1, . . . , ηp−1. Corollary 3.9 implies
that we can always solve the equation (4.6).

Corollary 4.2. For any positive integer q, there exist hermitian met-
rics gk,q on OPE∗(d) and Ka¨hler forms νk,q on X in the class of 2πc1(L)
so that
ρk(gk,q, νk,q) =
kmNk
Vk
(1 + ǫk,q),
where ||ǫk,q||Ca+2 = O(k−q−1). Moreover,
(4.7) ||ωgk,q + kνk,q − (ω0 + kω∞)||Ca(ω0+kω∞) = O(k−1),
where ωgk,q = i∂∂ log gk,q, ω0 is defined by (4.1) and ω∞ is the constant
scalar curvature Ka¨hler metric in the class of 2πc1(L).
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Proof. Let Hk,q = Sym
dhk,q(I + k
−1Φk,q) and gk,q = Ĥk,q. Lemma 3.4
and Theorem 4.1 imply that
ρk(gk,q, νk,q) =
Nk
k−mCr,dVk
Tr(λd(v
∗, Hk,q)(ISymdE + δq))
=
Nk
k−mVk
(1 + Tr(λd(v
∗, Hk,q)δq))).
It concludes the first part of corollary, since Hk,q is bounded and
||δk,q||Ca+2 = O(k−q−1).
For the second part, define ω˜0 = ω0 + kω∞ and g
′
k,q =
̂Symdhk,q.
Notice that gk,q = g
′
k,q(Φk,q) (c.f. (3.13)). Now (3.14) implies that
F (Φk,q) = tr(λdΦk,q) = tr(λd(I+k
−1Φ1+. . . )) = 1+k
−1F (Φ1)+O(k
−2).
Therefore (3.15) shows that
gk,q
g′k,q
= 1 + k−2F (Φ1) +O(k
−3).
Hence
ωgk,q − ωg′k,q = −k−2i∂∂F (Φ1) +O(k−3),
which implies that ||ωgk,q − ωg′k,q ||Ca(ω0) = O(k−2). Thus,
||ωgk,q+kνk,q − (ω0 + kω∞)||Ca(ω˜0)
≤ ||ωgk,q − ωg′k,q ||Ca(ω˜0) + ||ω
′
gk,q
− ω0||Ca(ω˜0) + k||νk,q − ω∞||Ca(ω˜0)
≤ ||ωgk,q − ωg′k,q ||Ca(ω0) + ||ω′gk,q − ω0||Ca(ω0) + k||νk,q − ω∞||Ca(kω∞)
= ||ωgk,q − ωg′k,q ||Ca(ω0) + ||ω′gk,q − ω0||Ca(ω0) + ||νk,q − ω∞||Ca(ω∞)
= O(k−1).
Notice that by definition, we have
||ω′gk,q − ω0||Ca(ω0) = O(k−1),
||νk,q − ω∞||Ca(ω∞) = O(k−1).

5. Proof of Theorem 3.1 and 3.7
The goal of this section is to prove theorem 3.1 and Theorem 3.7. In
this section, we fix a background metric h0 on E and a Ka¨hler form ν0
on X . We denote the chern connections on E and SymdE with respect
to h0 and Sym
dh0 by ∇. All norms are with respect to h0, Symdh0 and
ν0. In this section we use the multi-index notation as follows:
For a multi-index I = (i1, . . . , ir), define |I| = i1 + · · · + ir and
λI = λi11 . . . λ
ir
r . Let h be a hermitian metric on E and e1, . . . , er be a
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local holomorphic frame for E. We define hij = 〈ei, ej〉h and denote
the inverse of the matrix (hij) by (h
ij). The hermitian metric h on
E induces a hermitian metric Symdh on SymdE. Any multi-index
I = (i1, . . . , ir) such that |I| = d defines a local holomorphic section
eI = ei11 . . . e
ir
r and the set {eI ||I| = d} is a holomorphic local frame for
SymdE. Define hIJ = 〈eI , eJ〉Symdh and as before the matrix (hIJ) is
the inverse of the matrix (hIJ).
Definition 5.1. A smooth function f on PE∗ is called homogenous of
order k with respect to the hermitian metric h if there exists a local
holomorphic frame e = (e1, . . . , er) on E and smooth functions fIJ on
X such that
f(λ) =
∑
|I|=|J |=k fIJλ
Iλ
J
(
∑
hijλiλj)k
,
where λ1, . . . λr are the homogenous coordinates on the fibres with re-
spect to the local frame e. We define ||f ||p,e,h = maxI,J ||FIJ ||cp
From now on, let h be a hermitian metric on E and g = Ŝymdh
be the induced metric on OPE∗(d). The smooth functions f1, . . . fm
on PE∗ and smooth hermitian endomorphisms Ψ1, . . .Ψm of Sym
dE
are defined in section 3 (See (3.3) and (3.7)) The first step to prove
Theorem 3.1 is to estimate ||f1||p,e,h, . . . ||fm||p,e,h. We establish such an
estimate in Proposition 5.3. The second step is to find an upper bound
for ||Ψi||p,e in terms of ||fi||p,e. This is the content of Theorem 5.4.
The following lemma is straightforward since X is compact.
Lemma 5.1. For any x ∈ X, there exists a holomorphic local frame
e1, . . . , er on E around x such that
(5.1)
1
2
≤ ||[〈ei, ej〉h0]||op ≤ 2 and ||∇kei|| ≤ C(p) k = 0, . . . , p,
where C(p) is a constant depends only on p, ν0 and h0.
Lemma 5.2. ([S, Lem. 5.2 ]) For any positive integer p there exists a
constant C such that for any (j, j)-form γ, we have
||∇p(Λjγ)||ν0 ≤
C
infx∈X |ω(x)m|ν0(x)
(||γ||Cp(ν0)+||Λjγ||Cp−1(ν0))(
m∑
i=1
||ω||iCp(ν0)),
where ∇ is the connection defined with respect to ν0.
Proposition 5.3. For any 1 ≤ j ≤ m, the function fj is homogenous
of order j with respect to h ( For definition of fj, see (3.3)).
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Moreover there exists a constant C depends only on p and m such
that for any local holomorphic frame e = (e1, . . . er) satisfying (5.1), we
have
||fi||p,e,h ≤ Cmax
(∣∣∣∣∣∣ νm0
ωm
∣∣∣∣∣∣p
C0
, 1
)
||h||j
Cp+2
( m∑
i=0
||ω||iCp
)p+1
Proof. Let e1, ..., er be a local holomorphic frame for E around p. Define
hij = 〈ei, ej〉h and i2piFh = (ωij). Let λ1, ..., λr be the homogeneous
coordinates on the fibre. We have
ωg = ωFS,g +
∑
ωijλiλj∑
hijλiλj
.
Therefore, ωr+j−1g ∧ ωm−j =
(
r + j − 1
r − 1
)
ωr−1FS,g ∧
(∑ωijλiλj∑
hijλiλj
)j
∧ ωm−j.
The definition of fm−j gives
fm−jω
r−1
g ∧ ωm =
(
m
j
)
ωr−1g ∧
((∑ωijλiλj∑
hijλiλj
)j
∧ ωm−j
)
Hence
fm−jω
r−1
FS,g ∧ ωm =
(
m
j
)
ωr−1FS,g ∧
((∑ωijλiλj∑
hijλiλj
)j
∧ ωm−j
)
.
Therefore,
ωr−1FS,g ∧
(
fm−jω
m −
(
m
j
)(∑ωijλiλj∑
hijλiλj
)j
∧ ωm−j
)
= 0,
which implies
fm−jω
m =
(
m
j
)(∑ωijλiλj∑
hijλiλj
)j
∧ ωm−j =
(
m
j
)∑
I,J ΩIJλ
Iλ
J(∑
hijλiλj
)j ∧ ωm−j.
Thus,
fm−j =
∑
I,J Λ
jΩIJλ
Iλ
J(∑
hijλiλj
)j .
There exists a constant C depends only on p and m such that
||ΩIJ ||Cp ≤ Cmax
i,j
||ωij||jCp ≤ C||h||jCp+2.
Applying Lemma 5.2, we obtain
||ΛjΩIJ ||Cp ≤ Cmax
(∣∣∣∣∣∣ νm0
ωm
∣∣∣∣∣∣
C0
, 1
)(
||h||j
Cp+2
+||ΛjΩIJ ||Cp−1
)( m∑
i=0
||ω||iCp
)
.
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Note that (
inf
x∈X
∣∣∣ ω(x)m
ν0(x)m
∣∣∣)−1 = sup
x∈X
∣∣∣ν0(x)m
ω(x)m
∣∣∣ = ∣∣∣∣∣∣ νm0
ωm
∣∣∣∣∣∣
C0
.
Hence induction on p concludes the proof.

Definition 5.2. For any smooth function f on PE∗, there exists a unique
endomorphism Ψ(f) ∈ End(SymdE) which is hermitian with respect
to Symdh defined as follows:
〈s,Ψ(f)t〉Symdh = C−1r,d
∫
PE∗x
f〈sˆ, tˆ〉g
ωr−1g
(r − 1)! ,
for any x ∈ M and s, t ∈ SymdEx. Here g = Ŝymdh is the induced
metric on OPE∗(d) by h. Note that we have Ψi = Ψ(fi).
Definition 5.3. Let Ψ be an endomorphism of SymdE and e = (e1, . . . , er)
be a local holomorphic coordinate on E. Then there exist local func-
tions ΨIJ on X such that
ΨeI =
∑
J
ΨIJe
J .
We define
||Ψ||p,e = max ||ΨIJ ||cp.
Theorem 5.4. There exists a constant C depends only on p such that
for any local holomorphic frame e = (e1, . . . , er) satisfying (5.1) and
any smooth homogeneous function f of order k on PE∗, we have
||Ψ(f)||Cp ≤ C||f ||p,e.
The proof follows from the following lemmas.
Lemma 5.5. There exists a constant C depends only on p such that
for any local holomorphic frame e = (e1, . . . , er) and any smooth ho-
mogeneous function f of order N on PE∗, we have
||Ψ(f)||p,e ≤ C||f ||p,e.
Proof. We have
Ψ(f)eI =
∑
J
ΨIJe
J .
Let λ1, . . . , λr be the homogeneous coordinates on the fibre. Suppose
that
f(λ) =
∑
fIJλ
Iλ
J
(
∑
hijλiλj)N
.
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Therefore
ΨIJ =
∫
f(λ)
λIλ
J
(
∑
hijλiλj)d
ωr−1g
(r − 1)!
=
∑
fKL
∫
λKλ
L
λIλ
J
(
∑
hijλiλj)d+N
ωr−1g
(r − 1)!
=
∑
fKLcKLIJ ,
Here
cKLIJ =
∫
λKλ
L
λIλ
J
(
∑
hijλiλj)d+N
ωr−1g
(r − 1)! .
An easy computation shows that |CKLIJ | ≤ 1. Thus
||ΨIJ ||cp ≤ Cmax ||fKL||cp = C||f ||p,e.

Lemma 5.6. There exists a constant C depends only on p such that
for any local holomorphic frame e = (e1, . . . , er) satisfying (5.1) and
smooth endomorphism Ψ of SymdE, we have
||Ψ||Cp ≤ C||Ψ||p,e.
Proof. We have
ΨeI =
∑
J
ΨIJe
J .
Applying ∇p, we get
p∑
i=0
∇iΨ∇p−ieI =
∑
J
p∑
i=0
∇iΨIJ∇p−ieJ .
This implies that
(∇pΨ)eI = −
p−1∑
i=0
∇iΨ∇p−ieI +
∑
J
p∑
i=0
∇iΨIJ∇p−ieJ .
Therefore,
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||(∇pΨ)eI | ≤
p−1∑
i=0
||∇iΨ||||∇p−ieI ||+
∑
J
p∑
i=0
||∇iΨIJ ||||∇p−ieJ ||
≤ C(p)
( p−1∑
i=0
||∇iΨ||+
∑
J
p∑
i=0
||ΨIJ ||Cp
)
≤ CC(p)
( p−1∑
i=0
||∇iΨ||+ |Ψ||p,e
)
.
Thus
||Ψ||Cp ≤ C
(
||Ψ||Cp−1 + ||Ψ||p,e
)
.
Now we can conclude the lemma by induction on p. 
Proof of Thm. 3.1. applying Proposition 5.3 and Theorem 5.4, we have
||Ψi||Cp = ||Ψ(fi)||Cp ≤ C||fi||p,e,h
≤ Cmax
(∣∣∣∣∣∣ νm0
ωm
∣∣∣∣∣∣p
C0
, 1
)
||h||j
Cp+2
( m∑
i=0
||ω||iCp
)p+1
.
This concludes the proof.

Let Φ ∈ Γ(End(SymdE)) be hermitian with respect to Symdh. As in
section 3, we can define hermitian metrics ht(Φ) = Sym
dh(I + tΦ) and
gk(Φ) = ̂hk−1(Φ) on Sym
dE and OPE∗(d). In the rest of this section
C denotes a constant depends only on p, d,m, r, ν0 and h0 that might
change from line to line.
Lemma 5.7. There exists a constant C depends only on p, d,m, r, ν0
and h0 such that∣∣∣∣∣∣gk(Φ)
g
− 1
∣∣∣∣∣∣
Cp
≤ C||Φ||Cp||h||dCp( inf
x∈X
||h(x)||h0(x))−2d
for k ≫ ||Φ||Cp.
Proof. A straightforward computation Shows that
g
gk(Φ)
=
∞∑
i=0
(−1)ik−itr(λdΦi).
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Let e1, . . . er be a holomorphic local frame for E satisfying (5.1). Sup-
pose that ΦeI =
∑
J φIJe
J , then
tr(λdΦ
α) =
∑
λI0λKhI1KφI1I2 . . . φIαI0
(
∑
ij h
ijλiλj)d
.
Therefore
||tr(λdΦα)||Cp ≤ Cα||Φ||αCp sup
IJ
||hIJ ||Cp sup
IJ
||hIJ ||2C0
≤ Cα||Φ||αCp||h||dCp( inf
x∈X
||h(x)||h0(x))−2d.
Therefore∣∣∣∣∣∣gk(Φ)
g
− 1
∣∣∣∣∣∣
Cp
≤
∞∑
i=1
k−i||tr(λdΦi)||Cp
≤ ||h||dCp( inf
x∈X
||h(x)||h0(x))−2d
∞∑
i=1
C ik−i||Φ||iCp
= ||h||dCp( inf
x∈X
||h(x)||h0(x))−2d
Ck−1||Φ||Cp
1− Ck−1||Φ||Cp .
This concludes the proof since∣∣∣∣∣∣ g
gk(Φ)
∣∣∣∣∣∣
Cp
∼ 1 for k ≫ ||Φ||Cp.

Lemma 5.8. Let H be a hermitian metric on SymdE and g = Ĥ be
the induced metric on OPE∗(d). Let χ1 and χ2 be smooth functions on
PE∗. Define hermitian metrics H1 and H2 on Sym
dE as follows:
〈s, t〉Hi =
∫
PE∗x
χi〈sˆ, tˆ〉gωr−1g ,
for any x ∈ M and s, t ∈ SymdEx. There exists a constant C depends
only on p, d,m, r, ν0 and h0 such that
||H1 −H2||Cp ≤ C||χ1 − χ2||Cp||h||rCp( inf
x∈X
||h(x)||h0(x))−2.
Proof. Let e1, . . . er be a holomorphic local frame for E satisfying (5.1).
Then
〈êI , êJ〉gωr−1g = d
det(hij)
∑
λIλJ
(
∑
ij h
ijλiλj)r
dλ ∧ dλ.
Therefore
BALANCED METRICS AND CHOW STABILITY 29
||H2 −H1||Cp ≤ C
∑
||
∫
Fibre
χ1〈êI , êJ〉gωr−1g −
∫
Fibre
χ2〈Eˆi, Eˆj〉gωr−1g ||Cp
≤ C||χ1 − χ2||Cp|| det(hij)||Cp||hij||C0
≤ C||χ1 − χ2||Cp||h||rCp( inf
x∈X
||h(x)||h0(x))−2.

Proof of Theorem 3.7. In this proof Cl,l′ denotes a constant depends
only on p, d,m, r, l, l′ν0 and h0 that might change from line to line.
Lemma 5.7 implies that∣∣∣∣∣∣gk(Φ)
g
−1
∣∣∣∣∣∣
Cp+2
≤ ||Φ||Cp+2||h||dCp+2( inf
x∈X
||h(x)||h0(x))−2d ≤ Cld+1l′2k−1
as long as k ≫ l. Hence
||(ωgk(Φ) + kω)− (ωg + kω)||Cp =
∣∣∣∣i∂¯∂ log gk(Φ)
g
∣∣∣∣
Cp
≤ ∣∣∣∣ log gk(Φ)
g
∣∣∣∣
Cp+2
≤ − log
(
1− C∣∣∣∣gk(Φ)
g
− 1∣∣∣∣
Cp+2
)
≤ C∣∣∣∣gk(Φ)
g
− 1∣∣∣∣
Cp+2
≤ Cl,l′k−1.
This implies that ∣∣∣∣∣∣dµg,k,Φ − dµg,k
dµg,k
∣∣∣∣∣∣
Cp
≤ Cl,l′k−1.
Hence∣∣∣∣∣∣gk(Φ)
g
dµg,k,Φ
dµg
− dµg,k,Φ
dµg
∣∣∣∣∣∣
Cp
≤ C
∣∣∣∣∣∣gk(Φ)
g
− 1
∣∣∣∣∣∣
Cp
∣∣∣∣∣∣dµg,k,Φ
dµg,k
∣∣∣∣∣∣
Cp
+
∣∣∣∣∣∣dµg,k,Φ
dµg,k
− dµg,k,Φ
dµg,k
∣∣∣∣∣∣
Cp
∣∣∣∣∣∣gk(Φ)
g
∣∣∣∣∣∣
Cp
∣∣∣∣∣∣dµg,k
dµg
∣∣∣∣∣∣
Cp
≤ Cl,l′k−1.
Note that ∣∣∣∣∣∣dµg,k
dµg
∣∣∣∣∣∣
Cp
∼ 1 for k ≫ 0.
Now, applying Lemma 5.8 to the functions χ1 =
dµg,k
dµg
and χ2 =
dµg,k,Φ
dµg,k
gk(Φ)
g
, we get
||h(k,Φ)− h(k)||Cp ≤ Cl,l′||χ1 − χ2||Cp ≤ Cl,l′k−1.
This concludes the proof.

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6. Proof of the main theorem
In this section, we prove Thm. 1.2. In order to do that, we want to
apply [S, Theorem 4.6.]. Hence, we need to construct a sequence of
almost balanced metrics on PE∗,OPE∗(d)⊗ L⊗k. In order to apply [S,
Theorem 4.6.], we also need the following.
Proposition 6.1. ([S, Prop. 7.1 ]) Let E be a holomorphic vector
bundle over a compact Ka¨hler manifold X. Suppose that X has no
nonzero holomorphic vector fields. If E is stable, then PE∗ has no
nontrivial holomorphic vector fields.
Proof of Thm. 1.2. Since Chow stability is equivalent to the existence
of balanced metric, it suffices to show that (PE∗,OPE∗(d)⊗ π∗Lk) ad-
mits balanced metric for k ≫ 0. Fix a positive integer q. From now
on we drop all indexes q for simplicity. Let ω∞ be a constant scalar
curvature Ka¨hler metric on X and σ∞ be a hermitian metric on L
such that i∂¯∂ log σ∞ = ω∞. Define σk = σ∞e
∑q
j=1 k
−jηj , where ηj ’s are
given by Thm. 4.1. Therefore i∂¯∂ log σk = νk,q. For the rest of the
proof, we denote νk,q by νk. Let t1, ..., tN be an orthonormal basis for
H0(PE∗,OPE∗(d) ⊗ Lk) with respect to L2(gk ⊗ σ⊗kk , (ωgk+kνk)
m+r−1
(m+r−1)!
).
Thus, Cor. 4.2 implies∑
|ti|2gk⊗σ⊗kk =
Nk
Vk
(1 + ǫk).
Define g
′
k =
Vk
Nk
(1 + ǫk)
−1gk. We have
∑
|ti|2g′
k
⊗σ⊗k
k
= 1. This implies
that the metric g
′
k is the Fubini-Study metric on OPE∗(d)⊗Lk induced
by the embedding ιt : PE
∗ → PN−1, where t = (t1, ..., tN). We prove
that this sequence of embedding is almost balanced of order q, i.e∫
PE∗
〈ti, tj〉g′
k
⊗σ⊗k
k
(ω
g
′
k
+ kνk)
m+r−1
(m+ r − 1)! = D
(k)δij +Mij ,
where M (k) = [Mij ] is a trace free hermitian matrix, D
(k) = Vk
Nk
→ Cr,d
as k →∞ and ||M (k)||op = O(k−q−1). We have
M
(k)
ij =
∫
PE∗
〈ti, tj〉g′
k
⊗σ⊗k
k
(ωg′
k
+ kνk)
m+r−1
(m+ r − 1)! −
Vk
Nk
∫
PE∗
〈ti, tj〉gk⊗σ⊗kk
(ωgk + kνk)
m+r−1
(m+ r − 1)!
=
Vk
Nk
∫
PE∗
〈ti, tj〉gk⊗σ⊗kk (fk(1 + ǫk)
−1 − 1)(ωgk + kνk)
m+r−1
(m+ r − 1)! ,
where (ω
g
′
k
+ kνk)
m+r−1 = fk(ωgk + kνk)
m+r−1. By a unitary change of
basis, we may assume without loss of generality that the matrix M (k)
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is diagonal. Thus
||M (k)||op ≤ Vk
Nk
||fk(1 + ǫk)−1 − 1||L∞.
On the other hand,
||ω
g
′
k
− ωgk ||C0(ω0) = ||∂∂ log(1 + ǫk)||C0(ω0) ≤ || log(1 + ǫk)||C2(ω0)
≤ − log(1− C||ǫk||C2(ω0)) = O(k−q−1).
Therefore,
||fk − 1||∞ =
∣∣∣ωm+r−1g′k − ωm+r−1gk
ωm+r−1gk
∣∣∣ = ∣∣∣ωm+r−1g′k − ωm+r−1gk
ωm+r−10
ωm+r−10
ωm+r−1gk
∣∣∣
≤ Ck−q−1
∣∣∣ωm+r−10
ωm+r−1gk
∣∣∣.
This implies that ||fk − 1||∞ ≤ Ck−q−1, since
∣∣∣ωm+r−10
ωm+r−1gk
∣∣∣ is bounded.
Hence ||fk(1 + ǫk)−1− 1|| ≤ C ′k−q−1. Therefore ||M (k)||op = O(k−q−1).
Prop. 6.1 implies that PE∗ has no nontrivial holomorphic vector fields.
On the other hand
|| log(gk ⊗ σ⊗kk )− log(ĥHE ⊗ σ⊗k∞ )||Ca+2(ω˜0) = O(1).
Therefore, applying [S, Theorem 4.6.] and (4.7) conclude the proof. 
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